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Abstract. Let T be a tree with a fixed subset of vertices V* such that there is a cycHc 
order C on it and all terminal vertices are contained in this set. Let = {{x,y) G 
I + < 1} be a closed oriented 2-dimensional disk. The tree T is called V- 
planar if there exists an embedding ip : T 'M? which satisfies the following conditions 
Q\ '. ^{T) C D"^, ip{T) n dD^ = ip{V*) and if ^V* > 3 then a cycHc order (p{C) of ip{V*) 

^ , coincides with a cyclic order which is generated by the orientation of dD^ = S^. 

. We obtain a necessary and sufficient condition for T to be 2?-planar. 

u ■ 

p ; 

^ ' Keywords. P-planar tree, a cyclic order, a convenient relation. 
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^ ■ Introduction. 

| 7 | ' It is known that any tree is planar (i.e., can be embedded into a plane), more 

over, in [7] it was proved that any rooted tree with n vertices can be embedded 
^ ■ as a plane spanning tree on n points of a plane, with the root being mapped onto 

2 I an arbitrary specified point of them. There are similar results for rooted star 

L_i| forests [8]. Many authors were interested in different types of embedding of trees 

^ I into a disk with extra conditions. For example, in [9, 10] author used a special 

^ ! type of embedding of tree into a disk for constructing a Morse function on it. 

\0 '. In this paper we will consider an embedding of a tree T into D"^ (i.e., a closed 

^ . oriented 2-dimensional disk) such that a fixed subset of its vertices V* which 

t:;;}^ . containes all terminal vertices maps to a boundary of in a special way and 

^ i T\V* maps into IntD^. 

O ■ The existence of such embedding is a part of a solution of one topological prob- 

■ lem: the realization of a finite graph as invariant of pseudoharmonic functions 

^ ' defined on a disk. Namely, a continuous function / : — M is called a pseudo- 

I harmonic function if / \qd2 is a continuous function with a finite number of local 

extrema and / |intD2 has a finite number of critical points and each of them is a 
saddle point (in the neighborhood of it / has a representation as Rez"' + const, 
z = X + iy and n > 2). In [6] the topological invariant of such functions is 
constructed, in particular, it consists of a cycle 7 with special properties and the 
complement to it is a disjoint union of trees. The criteria of topological equivalence 
of such functions is formulated in terms of their invariant. 

In Section 1 we will describe some properties of a P-planar tree. They will be 
useful for the proof of Theorem 2.1 which gives the criteria of P-planarity of a 
tree. In this section we also study some properties of different types of relations 
on finite sets. 
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In Section 2 the criteria of P-planarity of a tree will be proved. Its proof has a 
topological nature. 

We are sincerely grateful to V.V. Sharko, S.I. Maksymenko and I. Yu. Vlasenko 
for useful discussions. 

1. The utility results. 

1.1. Properties of trees embedded into two-dimensional disk. Let T be 

a tree with a set of vertices V and a set of edges E. Suppose that T is non 
degenerated ( has at least one edge). Denote by Vter a set of all vertices of T 
such that their degree equals to 1. Let us assume that for a subset V* C.V the 
following condition holds true 

(1) Vter C V* . 

Let also <^ : T — > is an embedding such that 

(2) ^p{T) C D'^ , ip(T) n dD^ = ip(V*) . 

Lemma 1.1. A setM.'^\(ip(T)[JdD'^) has a finite number of connected components 

Uo^R'\D',U^,...,Um, 

and for every i & {1, . . . , m} a set Ui is an open disk and is bounded by a simple 
closed curve 

dUi = LiU ipiPivi, vi)) , Li n ipiPivi, v[)) = {ipivi), ifivl)} 

where Li is an arc of dD"^ such that the vertices (p{vi) and are its endpoints, 
and (p{P{vi,v'i)) is an image of the unique path P{vi,v'i) in T which connects Vi 
and v'i- 

Proof. We prove lemma by an induction on the number of elements of the set V*. 
Denote by '^A a number of elements of a set A . 

Let us remark that ^V* > 2 since Vter C V* and jjV^er > 2 for a non degenerated 
tree T (it is easily verified by induction on the number of vertices). 

Base of induction. Let '^V* — 2. From what was said above it follows that 
V* — Vter- So, a tree satisfies a condition (}T4er = 2. For such trees it is easy to 
prove by induction on the number of vertices that every vertex of F \ Vter has 
degree 2. In other words it is adjacent to two edges. 

If a tree is considered as CW-complex (i.e. 0-cells are its vertices and 1-cells are 
its edges), then a topological space T is homeomorphic to a segment with a set of 
the endpoints which coincides with V* = Vter- 

Let v?(T) be a cut of a disk D"^ between (p{vi) and (p{v2), where {vi,V2} = Vter- 

Let us fix a homeomorphism 

$0 : dD"^ U ^(T) ^ dD"^ U ([-1, 1] x {0}) , 
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such that $0 o ip{vi) = (-1, 0), $o o ^(^2) = (1, 0), ^o{dD^) = dD^, $0 o ^(T) = 
[-1,1] x{0}. 

By Shernflic's theorem [11, 13] we can find a homeomorphism $ : — > 
which extends $o- It is obvious that an embedding $ o : T — > complies with 
the conditions of lemma. From fact that $ is homeomorphism it follows that (p 
satisfies conditions of lemma. 

Step of induction. Suppose that for some n > 2 lemma is proved for all trees 
with '^iV* < n and their embeddings into which hold Conditions ^ and ([2]). 

Let a tree T such that Vter ^ V*, jjl^* = n, and an embedding : T ^ 
which satisfy Conditions ^ is fixed. 

As we noticed above the set Vter contains at least two elements Wi,W2 G V^er- 
Let us consider the path P{wi,W2) which connects those vertices. Suppose that it 
passes through the vertices in the following order Wi = Uq, Ui, . . . , u^-i, = W2. 
Every vertex Mi, ... , u^-i has degree at least 2 since it is adjacent to two edges of 

P{wi,W2). 

There exists a vertex Us, s E {1, . . . , k — 1} such that 

(i) a degree of Ui equals to 2 and Ui ^ V* ioi i E {I, s — 1}; 

(ii) either a degree of Ug is greater than 2 or G V* and a degree of Ug equals 
to 2. 

Remark that a degree of Ug does not equal to 1. Otherwise, the correlations 
Us = UI2, T = P(t>i,f2), V* = {1^1,^2}, tl^* = 2 should be satisfied but we 
assumed that jjl^* > 3. 

Let us consider a path P{wi,Us) = P{uo,Us). Suppose that it passes through 
edges ei, . . . , successively. 

We consider a subgraph T' of T with the set of vertices and edges, respectively, 
as followes 

V{T') = V \ {no, . . . , Us-i} , E{T') = E \ {d, . . . , ej . 

By construction Uq G Vter{T) and Uq is adjacent to ei in T; every vertex Ui, 
i G {l,...,s — 1} has degree 2 thus it is adjacent only to Cj and Cj+i in T. 
Therefore a graph T' is defined correctly. 

A graph T' has no cycles since it is a subgraph of T. Let us verify that T' is 
connected. Let f ', v" G V{T') and P(f v") be a path which connects vertices v' 
and v" in T. Then a path P(f ', v") does not pass through a vertex mq = wi since 
G Vter and only one edge ei is adjacent to this vertex. Thus ei ^ P{v',v"). 
Similarly, if s > 2 then 62 ^ P{v',v") since an edge 62 is adjacent to a vertex Ui 
which is in addition adjacent only to ei and ei ^ P{v', v"). Similarly, by induction 
we prove that Cj ^ P{v',v") for every i G {l,...,s}. Thus a path P{v',v") 
connects vertices v' and v" in T'. Therefore a graph T' is connected. 

We verified that T' is a tree. Let us define V*{T') = V*{T) n V{T'), <po = 
iplx' : T' ^ M."^ . By definition of a set V*(T') it is obvious that a map (po satisfies 
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condition 1^. Also ^V*{T') < ^V*{T) since uq G V*{T)\V*{T'). Thus ^V*{T') < 
n. 

Let us check that Vter{T') C V*{T'). 

By construction for every vertex f 7^ of T' its degrees coincide in T and T'. 
The degree of in T' is on one less then degree of Us in T. Thus Vter(7") C 

Vter{T) U {mJ. 

If e l^*(T), then Fte.(T') C Vter{T) U l^*(T) C \/*(T). Therefore Vter{T') C 
\/*(T) nl^(T') = V*{T'). 

Let Ms ^ y*(T). By definition the degree of Us in T is not less then 3 and a 
degree of Us in T' is not less then 2. Thus Vter(T') C Vter(7') C V*{T). So, as 
above, V^ter-(T') C V*{r). 

By induction lemma holds true for a tree T' and an embedding (/Jq : T' — > M^. 

Denote by Wq = \ D'^,Wi, . . . ,Wr connected components of a set \ 

It is obvious that 

ip{T) = ip{T') U ip{P{uo, u,)) = MT') U ip{P{uo, Us)) . 

Therefore ip{T) U dD^ = {ipo{T') U dD"^) U ip{P{uQ,Us)). By construction we get 
that(v?(T') U dD^) n <^(P(uo, m^)) = {<^M, <^K)}. 

Denote J = ip{P{uo,Us)). The set Jq = J \ {ip{uo),ip{us)} is a homeomorphic 
image of interval thus it is connected. But besides Jq fl {ipo{T') U dD'^) = thus 
there exists a component Wj which contains Jq (it is easy to see that j 7^ 0). 

By assumption of induction the boundary of disk Wj is a simple closed curve 
dWj = Kj U {po{P{vj,Vj)) which consists of an arc Kj of a circle dD"^ with the 
ends (po{vj) and (po{Vj) and an image of path P{vj,Vj) which connects vertices 
Vj,Vj G V*(T') in T' (this path also connects vertices Vj and Vj in T). 

The set J is a homeomorphic image of segment and also Jq ^ Wj, (p{uo) G 
dD^ C (M2 \ Wj), ip{us) e ipo{T') C (M2 \ Wj). Therefore J is a cut of disk 
Wj between points (p{vj) and ^p{Vj). Correlations ip{us) G ip{P{vj,Vj)), f{uo) G 
Kj \ {v{vj), <f{v'j)} = dWj \ if{T') hold true since uq ^ V{T') and f{uo) ^ !f{T'). 

So, a set Wj \ {dWj U ip{P{uo,Us))) has two connected components Wj, Wj 
which are homeomorphic to open disks and bounded by simple closed curves. 

We remark that the arc ip{P{yj,v'j)) is not a point, otherwise the correlations 
= dD\ MT') n dD^ = Mv,) = ^{v'^)}, ^V*{T') = tl(^o(T') n dD') = 1 
should hold true. Thus points (p{vj) and ip{Vj) are different. From the inclusions 
ip{us) G ip{P{vj,Vj)), ip{uo) G dWj \ ip{P{vj,Vj)) it follows that points f{vj) and 
f{Vj) can not be contained in a set dWj fl dWj = ip{P{uo,Us)) simultaneously. 

Let ^{vj) G dWj, fiv'j) G dWj. By those correlations the sets Wj and Wj are 
defined uniquely. 

Points v^(mo), V^(^s) divide the circle onto two arcs -Ri, R2 with -Ri C dWj \ Wj, 
R2 C dWf\Wl. 
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Suppose for some edge e e E{T) its image is contained in dWj. Then the image 
of e without the ends is connected set and belongs to dWj \ {ip{uo),(p{us)} ~ 
RiU R2. Thus the image of e without the endpoints belongs to either Ri or R2. 

The path which connects vertices Vj and Vj in T' passes through the vertices 
Vj — vo,vi, ■ ■ ■ ,Vk — Vj and through the edges ei, . . . , in this order. 

If (p{vi) e Ri for some i e {0, . . . , k}, then (p{vi) G M? \ R2 and {(fi{ei) \ 
{ip{vi),(p{vi^i)}) n (M^ \ -R2) 7^ since a point (p{vi) is a boundary for the set 
(p{ei) \ {(f{vi),ip{vi^i)} but \ i?2 is an open neighborhood of this point. From 
what we said it follows that (p{ei) \ <^{vi-^i) C Ri. Therefore <^{vi+i) E Ri — RiU 
{(f{uo),ip{us)}. Indeed, either ip{vi+i) G -Ri or (p{vi+i) = (p{us) (and Vi+i = Ug) 
since Uq ^ V(T') by construction. 

By assumption of induction 'f{us) G (^(P(t'j, f j)) = (p{vo,Vk)). Therefore Ug G 
{vq, . . . , -Ofc} and there exists an index A;o G {0, . . . , k} such that Ug = Vko- 

The inductive application of our previous argument leads us to correlations 
Lp{P{vQ^ Us)) \ (p{us) = ip{P{vj, Us)) \ (p{us) C Ri (in the case when Vj — Ug we get 
if{P{Vj,Us)) = v{us))- 

Similar argument give (f{P{us,Vj)) \ (p{us) C R2. 

Finally we get dW^ = i?i U ip(P{uo,Us)) ^ R^UJ, dWf = i?2 U J; dW^ n 
v{P{vj,v;^)) = dWln{^{P{vj,Us))U^{P{us,v;^))) = ip{P{vj,Us))- dW^ncp{P{vj,v^)) = 

Cp{P{Us,V^)). 

Therefore cp{T) n dW]- = {ip{T') U J) n ^M^/ = {ip{P{tjj,v'j)) U J) n 91^/ = 
(^(P(t;,-,«,)) U<^(P(«o,«.)) = ^{P{vj,uo)); v{T)ndW^ = ^{P{v'^,uo)). 

It is easy to see that (fi{vj) 7^ (/^(wo) and (p{Vj) 7^ </3(wo) since Vj, v'^ G l^(T') 
but Mo ^ V^(T'). Hence a set (p{P{vj,uo)) \ {(p{vj),(p{uo)} is one of two connected 
components of the set dWj\{ip{vj), (p{uo)}. Another connected component of this 
set is contained in dWj \ fiT') = Kj C dD^ thus it is an arc of circle dD^ which 
connects points (p{vj) and (p{uo). Denote it by Kj. 

Similarly, dWj = Lp{P{vj,Uo)) ^Kj, where Kj is an arc of dD^ which connects 
points (p{vj) and (p{uq). 

We proved that a compliment 'R^\{ip{T)UdD'^) has a finite number of connected 
components 

R^\D^^Wo,W,,...,Wj^,,W^,WlWj+,,...,Wr; 

and the components Wj and satisfy the conditions of lemma. Finally we 
remark that the correlations dWkr\ip{T) = dWknip{T') = dWknipo{T') hold true 
ior k > 0, k ^ j thus 

dWk = i^fe U ipoiPivk, v'k)) ^KkU ip{P{vk, vi)) 
and the component Wk satisfies lemma. 

□ 
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Corollary 1.1. Let T be a tree with fixed subset of vertices V* 3 Vter and (f : 
T an embedding which satisfies ^ . 

Then the following conditions hold true. 

1) In notation of Lemma \l.l\ 

Li n V9(T) = {Lp{vi),ip{v':^} , z = 1, . . . ,m. 

2) If there exists an arc L of circle dD"^ with the ends f{ui), ip{u2) such that 
L n ^{T) = {(p{ui), 'f{u2)} for some ui, U2 G V* , then there exists A; G {1, . . . , m} 
such that L U (p{P{ui,U2)) = dUk (then L = L^, ui = Vk, U2 = v[). 

Proof. 1) Suppose that an arc Lj \ {ip{vi), fiv^)} contains a point ip{v) G f(T) for 
some i G {1, . . . , m}. Thus v G V*. Let e G E(T) be an edge of graph T which is 
adjacent to a vertex v and f ' G be another end of the edge e. 

A set Jo = v^(e) \ {{p{v),ip{v')} is connected, ip{v) is a boundary point of it, 
= \ {p{P{vi, f ■)) is an open neighborhood of a point (p{v). Thus JoHW 
and e ^ P{yi,v[). Hence Jo fl ({>{P{vi,v[)) = 0. By the conditions of lemma 
also Jo n dD^ = 0. A set ip{P{vi,v'j)) is a cut of closed disk D^. Obviously, by 
construction a set Q = f^i \ ip{P{vi, v'^)) = UiU {Li \ {ip{vi), f{v'i)}) is a connected 
component of the compliment D'^\(p{P{vi,v'i)) which contains a point ip{v). That 
point is a boundary point of the connected subset Jo of a space \ (p{P{yi,v'i)) 
therefore Jq ^ Q. 

But t/i C M2 \ ^(j^^ I. c dD^ and Jq C ip{T) \ ip{V) C ip{T) \ dD^. Thus 

Jo n Q c ( Jo n f/,) u (Jo n Li) = 0. 

The contradiction obtained is a last step of the proof of first condition of corol- 
lary. 

2) Support that there exists an arc L of dD"^ with the ends in points (p{ui), 
(p{u2) such that L fl (p(T) = {{p{ui),(p{u2)} for some ui, U2 G V* . 

An arc L bounders to some connected component Uk, k > 1 of the compli- 
ment \ {(^{T) U dD"^). From Lemma 11.11 and first condition of corollary it 
follows that {mi,M2} = {^fc,^fc}- Thus vertices Ui and U2 can be connected by a 
path P(mi,M2) = P{vk,Vk') which satisfies Lemma fTTTl A graph T is a tree thus 

P{ui, U2) = P{ui, U2) = P{Vk, Vk'). □ 

Let T be a tree with a fixed subset of vertices V* and : T — >^ is an 
embedding which satisfy dH) and ([2]). 

The pair of vertices Vi, V2 & V* , Vi ^ V2 is said to be adjacent on a circle dD"^ 
if there exists an arc L of this circle with the ends v^(fi) and v^(f2) such that 
L n v^(T) = {ip{vi), V5(f2)} holds true for it. 

Denote by P a set of all paths in T which connect adjacent pairs of vertices. 
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Corollary 1.2. If ^V* > 3, then a correspondence 
is a bijective map. 

Proof. It is sufficient to check an injectivity of the map 0. 

Suppose that the following equalities hold true dUi = Lj U ip{P{v,v')), dUj = 
Lj U {p{P{v, v')) for some z, j G {1, . . . , m}, i ^ j. Then Lj fl Lj = {(p{v), ip{v')}, 
U U Lj = therefore U U Lj = dD^. 

But from Corollary O it follows that = (L^ U Lj \ {ip{v),f{v')}) n f{T). 
Therefore '\\{dD'^n(p(T)) = {jV^* < 2 and it contradicts to the conditions of corollary. 

□ 

1.2. On relations defined on finite sets. At first we remind that a ternary 
relation O on the set A is any subset of the 3^'^ cartesian power : O C A^. 

Let A be a set, O a ternary relation on A which is asymmetric {{x,y,z) G 
O =^ {z,y,x)EO), transitive {x,y,z) G 0,{x,z,u) & O ^ {x,y,u E O) and cyclic 
{x, y^z) E O => {y, z, x) G O. Then O is called a cyclic order on the set A [12]. 

A cyclic order O is a complete on a finite set A, ^A > 3, li x,y,z G A,x ^ 
y ^ z ^ X ^ there exists a permutation {u,v,w) of sequence {x,y,z) such that 
{u, V, w) G O. 

Proposition 1.1. Let there is a complete cyclic order O on some finite set A, 
^A>3. 

Then for every a E A there exist unique a' , a" G A such that 

• 0{a', a, h) for all b E A \ {a, a'}; 

• 0{a, a", b) for allb e A \ {a, a"}, 

and a' ^ a" . 

Proof. Let us fix a G A. By using [12] we can construct a binary relation p up to 
the relation O with the help of the following condition 

0(a, ai, 02) -v^ fli pa2 . 

It is easy to verify that the relation p defines a strict linear order on a set A \ {a}. 

The set A \ {a] is finite therefore there exist a minimal element a' and maximal 
element a" with respect to the order p on this set. It is obvious that they satisfy 
conditions of proposition by definition. 

Finally a' ^ a" since ^{A \ {a}) > 2. □ 

Definition 1.1. Let there is a complete cyclic order O on a set A, ^A > 3. 

Elements oi, 02 G A are said to be adjacent with respect to a cyclic order O if one 
of the following conditions holds: 

• 0(ai, a2, b) for all b E A \ {ai, 02}; 
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• 0(a2, fli, b) for all b E A \ {ai, 02}. 

Remark 1.1. From Proposition \l.l\ it follows that every element has exactly two 
adjacent elements on a finite set A with a complete cyclic order. 

Definition 1.2. Let A be a finite set. A binary relation p on A is said to be 
convenient if 

1) for all a, b G A from apb it follows that a 7^ b; 

2) for every a E A there is no more than one a' E A such that apa' ; 

3) for every a E A there is no more than one a" G A such that a" pa. 

We remind tiiat a graph of tiie relation p on A is a set {(a, 6) G A x A | apb}. 
Let p be a convenient relation on a finite set A, p be a minimal relation of 
equivalence which contains p. Let us remind that a graph p consists of 

• all pairs (a, b) such that there exist k = k{a, 6) G N and a sequence a = oq, 
Oi, . . . , = b which comply with one of the following conditions aj_ipaj, 
OipOi-i for every i G {1, . . . , k}; 

• pairs (a, a), a E A. 

We distinguished a diagonal A^xa since, in general, there could exist a E A 
such that neither apb nor bpa holds true for all b E A. 

The relation p generates a partition f of A onto classes of equivalence. 

Proposition 1.2. Let B E f be a class of equivalence of the relation p. Then there 
exists no more than one element b E B which is in the relation p with no element 
of A. 

Proof. We remark that if either apb or bpa and b E B^ then a G -B by definition of 
B. 

It is obvious that if jjS = 1 then proposition holds true. Let jj-B > 2. 

Let ao, ai, . . . , Ofc be a fixed sequence of pairwise different elements of B such 
that the correlation Oi^ipai holds true for any i E {1, . . . , k}. 

If there exists b E B \ {oq, . . . , flfc}, then there exists b' E B \ {oq, . . . , a^} such 
that either b'pao or Okpb'. Let us verify it. 

By definition of a set B there exists a sequence b = cq, ci, . . . ,Cm = cto such 
that either Cj^ipCj or CjpCj^i holds true for all j G {1, . . . ,m}. From correlations 
Co ^ {oq, . . . , Ok} and Cm E {ao, . . . , cifc} it follows that there is s G {0, . . . , m} 
such that Cs^i ^ {oq, . . . ,ak} but Cs E {oq, . . . ,ak}. Thus = for some 
rE{0,...,k}. 

Let Cg-ipCs, i.e. c^-ipa^. Then r = 0. Really, if r > 1, then a^-ipar. By 
construction Cr-i 7^ ctr-i therefore a correlation Cs-ipOr contradicts to condition 3) 
of Definition O 

Similarly, if CspCg-i, then Cg = a^. 

It is easy to see that element b = Cs_i satisfies conditions of proposition. 
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From what we said above it follows that if for some pairwise different ao, . . . , G 
B inequality {oq, • • • , ak} 7^ B and relation ai^ipai, i E {1, . . . , k} hold true, then 
there are pairwise different a^, . . . , a'^_^_i G B such that a^_]^pa^, i G {1, . . . , A; + 1} 
hold true for them. 

By definition the set B contains two elements b', h" G B such that h' ph" . So, 
by a finite number of steps (the set B is finite) we can index all elements of B in 
such way that the following correlations hold true 

(3) ai-ipai , i e {1, . . . ,n} ; 

{ao, . . . ,a„} = 5 . 

Therefore only element an E B can satisfy conditions of the proposition. □ 

Let p be some relation on a set A. 

Definition 1.3. Elements bo, . . . ,bn E A, n > 1 are said to generate /i-cycle if a 
graph of the relation p contains a set 

(4) {{bo,bi), . . . , {bn-i,bn), {bn,bo)} . 

Definition 1.4. Elements bo, . . . ,bn & A, n > to generate yU-chain if for arbi- 
trary a G A the pairs (a, bo) and {bn, a) do not belong to a graph of p and for n > 1 
a graph of the relation p contains a set 

(5) {(6o,&l),...,(&„-l,&n)}- 

Corollary 1.3. Let p be a convenient relation, -B G f a class of equivalence of the 
relation p. Then the elements of B generate either p-cycle or p-chain. In the first 
case a graph of the restriction of p on the set B is of form ^ and in the other it 
has form ([5]) . 

Proof. Let us order the elements of B in such way that ^ holds true for them. 

If there exists a E A such that Onpa, then a E B. Conditions 1) and 3) of 
Definition 11.21 obstruct to hold correlation Oipoj fori 7^ j — 1, j G {1, . . . ,n}. 
Therefore a = ao and a^pao. 

Similarly, if there exists a E A which apoo, then from conditions 1) and 2) of 
Definition 11.21 it follows that a = a„ and Onpoo- 

So, either a correlation ttnpao holds true or for every a E A neither apao nor 
Gnpa holds true. In the first case the elements of B generate p-cycle (if a„pao, 
then a„ 7^ ao and jji? > 2 by definition), in the other case we get p-chain. □ 

Corollary 1.4. Let the elements of B C A generate either p-cycle or p-chain. 
Then B is a class of equivalence of the relation p. If the elements of B C A 
generate p-chain, then the relation p generates a full linear order on B. 

Proof. Let p be a minimal relation of equivalence which contains p. By definition 
the set B belongs to the unique class of equivalence of the relation p. Denote it 
by B. 
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By definition the set B satisfies ([31). If there exists 6 G B \ B, then, as we 
verified in the proof of Proposition 11.21 there is b' E B \ B such that 

(6) b'paQ or a„p6' . 

This contradicts to definition of p-chain. If the elements of B generate p-cycle, 
then it follows from the definition of convenient relation that 

(7) anpao , 

see Corollary ll.3[ By using conditions 2) and 3) of a convenient relation from 
equality b' ^ B we can conclude that ((6]) and ([7j) can not be satisfied simultane- 
ously. 

So, a set i? is a class of equivalence of the relation p. 

If elements of the set B generate a chain, then a graph of a restriction of the 
relation p on B has form ((51), see Corollary 11.31 Therefore p generates a linear 
order on the set B. □ 

Definition 1.5. Let O be a complete cyclic order on A, tl^ > 3. O is said 
to induce a binary relation po on a A according to the following rule: apob if 
0{a,b,c) Vc G v4 \ {a,b}. 

From Proposition 11.11 it follows that a relation po is convenient. 

Proposition 1.3. If O is a complete cyclic order on A, then all elements of A 
generate po-cycle. 

Proof. Let po be a minimal relation of equivalence which contains po- From 
Proposition 1 1 . 1 1 and Corollaries 1 1.31 and 1 1 . 41 it follows that every class of equivalence 
of the relation po is po-cycle and there are no any other po-cycles. 

Let B = {bo, . . . , bk} be some class of equivalence of the relation po and the 
following correlations are satisfied 

bopbi, . . . , bk-ipbk, bkpbo . 

Support that B <^ A. Let us fix a G By definition the following correlations 

hold true 

0{bi_i,bi,a) , ie{l,...,k}; 
0{bk,bo,a) . 

Thus it follows from definition of cyclic order it follows that 

0{a,bi_i,bi) , ie{l,...,k}; 
0{a,bk,bo) . 

From definition it also follows that if 0(a, bo, and 0(a, then 0{a, bo, h). 

Therefore starting from 0{a, bo, bi) in the finite number of steps we get 0{a, bo, bk). 
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Thus 0{a,bk,bo) and 0{a,bQ,bk) should be satisfied simultaneously but it con- 
tradicts to antisymmetry of cyclic order. 

Therefore all elements of a set A are equivalent under po and generate po- 
cycle. □ 

Definition 1.6. Let p be a convenient relation on a finite set A. We define a 
ternary relation Op on A with the help of the following rule. The ordered triple 
(ai, 02, as) of A is said to be in the relation Op if ai 7^ 0.2 7^ ^3 7^ a i (ind there are 

(o\ n — ^12 „12 — n — ^23 „23 — „ — n^^ ^31 _ _ 

which satisfy the following conditions: 

• dn-iP^n Z^*" all n E {I, . . . , m{s)} and (s + 1) = r (mod 3); 

• a^' ^ {ai, 02, as} for all n E {1, . . . , m{s) — 1} and (s + 1) = r (mod 3). 

Proposition 1.4. The relation Op is a cyclic order on A. 

Proof. From definition it is obvious that the relation Op is cyclic. 

Let us remark that from definition if Op(ai, 02, 03), then all elements of a set (l8|) 
(in particular elements ai, 02 and 03) belong to the same class of equivalence of 
minimal equivalence relation p which contains p. 

We should verify that all elements a^'', n e {1, . . . , m{s)}, (s + 1) = r (mod 3) 
are different. 

Suppose that it is not true and there are two different sets of indexes such that 
<^ = a*:, n e {1, . . . , m(s)}, k e {1, . . . , m(t)}, (s + 1) = r (mod 3), (t + 1) = r 
(mod 3). 

Let us consider two sequences 

(61, . . . ,bi) = (a„ , aj^_^_i, . . . , ■ ■ ■ ,% ,0,1 , . . . , ) , 

(Ci, . . . ,Cj) = {Oj^ , Q-jt+i, . . . , Clrn{t)y ■ ■ ■ , % ' '^1 ) ■ • ■ ) '^n-l' ) • 

Those two sequences satisfy the following conditions: 

• bi_ipbi for all / G {1, . . . , i}; 

• ci_ipci for all / G {1, . . . , j}; 

• 6- = ci = Cj = 6i; 

• there exists d G {ai, 02, 03} such that either a G {61, . . . , 6j} \ {ci, . . . , Cj} 
or d G {ci, . . . ,Cj}\{bi, . . . , bi} since every element fll, CI2, 03 IS contained 
exactly once in the sequence (l8|) by definition. 

Let a ^ {61, . . . , By definition the elements bi, . . . ,bi generate a cycle there- 
fore the set {61, . . . , 6j} is a class of equivalence of the relation p, see Corollary ll.4[ 
But it contradicts to the condition that all elements of the set ([8]) belong to the 
same class of equivalence of the relation p. 

The case when a ^ {ci, . . . , Cj} can be considered similarly. 

Therefore all elements of the set (l8|) are different. 
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Let OJ ai, a2, as) and 0^(03, 02, cii) hold true simultaneously. Then from defini- 
tion there are two sequences 03 = aj]^, af^, . . . , 0^(3-) = ai and ai = feg^, . . . , 6^(3-) = 
as such that 

• afi^paf^ for alH G {1, • • • , rni?))}] 

• &,^iip6f for all J e {l,...,n(3)}; 

• aa ^ {ai]i,..., 0^1(3), 631,..., fe^ig)}. 

It is obvious that there is k G {1, . . . , m(3)} such that ^ {6q1, . . . , 6^|3)} for 
i < k but a|i e {hf-, . . . , &^(3)}. Hence a^^ = fof^ for some / G {1, . . . , ''t-(3)} and 
Ofc^P&f+i- It is clear that all elements of the following sequence 

^ _ ^31 ^31 /,31 l31 

are different and generate p-cycle. Further by definition 02 does not belong to that 
sequence. Therefore 03 = and a2 belong to different classes of equivalence of 
relation p, see Corollary II. 4[ 

On the other hand elements ai, 02 and as must belong to the unique class of 
equivalence p, see above. 

This contradiction proves the antisymmetry of the relation Op. 

Let Op(ai, 02, 03) and Op(ai, as, 04) for some ai, . . . , 04 G A. 

We should remark that the elements ai, . . . , 04 are pairwise different. Really, by 
definition ai 7^ 03 and {ai, 03} fl {02, 04} = 0. If then from a cyclicity of 

relation Op it follows that 0^(03, ai, 02) and Op{a4, ai, 03) = Op{a2, ai, as). But it 
is impossible since a relation Op is antisymmetric. 

Let us consider a sequence ([8]). Its elements generate p-cycle. We will prove 
that 04 G {af, . . ■ ,af^^^^_-^}. 

Suppose that G {a^, . . . , am(i)„i}- Then 04 = a^^, A; G {1, . . . , m(l) — 1}. 
We consider the sequences 







= (fll 


— "0 ' • • 


12 \ 
. , — Q-4j 1 






• • 1 "t{2)) 


= (^4 


- 

— "fc 5 • • 


_ ^23 
• 5 "m(l) ~ "0 5 • • 


23 N 
• ) (^m{2) — (^3) 


ibl\. 


■■Ak) 


= (as 


— "0 ' • ■ 


• 5 '^m(3) = '^1) • 





Join them into a sequence 

n — 7,12 /,12 _ „ _ 1,23 i23 _ ^ _ ^31 l31 

ai — Oq , . . . , 0^(1) — 04 — Oq , . . . , 0^(2) — as — Oq , . . . , 0^(3) . 

By the construction all elements of such sequence generate p-cycle therefore it 
satisfies the properties which are similar to the conditions of the sequence ((HI). 
We get Op{ CLi , G4, fls ). Then from a cyclicity of the relation Op it follows that 
0^(04,03,01). But by the condition we have Op(ai, as, 04), moreover, we proved 
that the relation Op is antisymmetric. Thus the relation Op{ 04, Os, CLi ) does not 
hold true and 04 ^ {aP, . . . , 

The fact that 04 ^ {a?^, . . . , Cim{2)-i} proved similarly. 

Therefore 04 G {af^, . . . ,a^(3)-i} '^4 ~ '^s^ fo'^ some s G {1, . . . ,m{3) — 1}. 
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Let us consider the sequences 
(cq^, . . . , 4(1)) = (ai 

(Cq^, . . . , C^(2)) = (^2 





) • • • ) "m{l) 



a; 



^2) ; 



31 

'0 ' 



. . . , a; 



31 



s 



a4j ; 



.31 

' 




ai) . 



Let us join them into a sequence 

r, - ^12 „12 - n - r^^ r-^^ - n - r^^ r^^ 

"1 — Cq , • • • , C^(i) — "2 — Cg , • • • , C^(2) — CI4 — Cq , • • • , C^(3) • 

By construction this sequence satisfies the conditions of definition ll.Gi Therefore 
the correlation 0„( ) holds true and the relation Op is transitive. 

Finally, we can conclude that the relation Op satisfies all conditions of definition 
of cyclic order. □ 

Definition 1.7. Let C and D he cyclic orders on sets A and B , respectively. Let 
ip : A ^ B be a bijective map. 

A map if is called a monomorphism of cyclic order C into a cyclic order D 
if 0(01,02,03) =^ D{(p{oi),(p{o2),(p{a3)); it is called an epimorphism O onto D 
if D{hi,h2,hz) =^ 0{ip~^{bi),{p~^{b2),(p~^{b3)); ip is an isomorphism O onto D if 
0{ai, 02, as) 
D{ip{ai),ip{a2),(p{a3)). 

Remark 1.2. It is clear that 

1) if if is a monomorphism of cyclic order O onto D, themp^^ is an epimorphism 
of D onto O; 

2) an isomorphism of the relations of cyclic order is a map which is a monomor- 
phism and an epimorphism simultaneously; 

3) a relation of isomorphism is a relation of equivalence. 

Lemma 1.2. Let O and D be complete cyclic orders on the sets A and B, respec- 
tively, ip : A B is a bijective map. 

If p is either monomorphism or an epimorphism, then p is an isomorphism. 

Proof. Let p be an epimorphism (in the case when p is a monomorphism we 
consider a map p~^). Let us check that p is also a monomorphism. 

Let 0(01,02,03) for some Oi, 02, 03 G A. We define 6j = p{ai) E B,i = 1,2,3. 
From definition it follows that Oi ^ 02 ^ 03 ^ Oi. Then &i 7^ &2 7^ ^3 7^ &i- 

The cyclic order D is full therefore there is a permutation a G S{?>) such that 
D{ba{i), bfj{2), ba{3)). From an epimorphism of p we can conclude that C(acr(i), ao-(2), 
Thus a is even permutation. Now from antisymmetry an cyclicity of D it follows 
that D{bi,b2,b3), see [12]. Therefore we get D{p{ai),p{a2),p{a3)) and is a 
monomorphism. □ 

Remark 1.3. Lemma lL^ holds true for arbitrary sets A and B , i.e. they can be 
infinite. 
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Lemma 1.3. Let O is a relation of complete cyclic order on the finite set A. Then 

0=0r. 



'PO 1 



where po is a convenient binary relation generated by O and Op^ is a relation of 
cyclic order generated by the convenient relation po- 

Proof. We should prove that the relation Op^ is full. 

Let hi, 62, ^3 be some pairwise different elements oi A. From Proposition 11.31 
and Corollary 11.41 the minimal relation of equivalence po which contains po has 
the unique class of equivalence B = A. Thus we can index all elements of A in 
such way that (JS]) holds true. From Corollary 11.31 we also get anpa^. 

It is obvious that {hi, 1)2, h^} = {a^^, a^j, 0^3} for some < ki < k2 < < n 
further there is a inversion a G S'(3) such that a^. = ^^(i), i = 1,2, 3. 

Let us consider the sequences 

(Cq^, . . . , C^(i)) = (Ofcj, flfci + l; • • • ; 0'k2) j 

(Cq , . . . , C^(2)) = {C'k2y • • • ; ^ks) ! 

(Cq^, . . . , C^(3)) = (flfca, • • • , Cbn, O-O, • • • 5 flfci) • 

We can join them into one 

n, - - n, - r^^ - n, - r^^ r^^ - n, 

"fci — t-O 5 • • • 5 ^m(l) — "'k2 — ^0 ) ■ ■ ■ 1 ^m{2) ~ "^3 — i-o ■>■■■■> '-m(3) ~ "^1 • 

By construction this sequence satisfies the conditions of Definition II .61 thus we get 
Opo{aki,ak2,ak3)- It means that 6^(2), 6^(3)) and Op^ is full. 

Suppose that Opo(ai, a2, 03) holds true for some ai, 02, as G A. From Defini- 
tion 11.61 it follows that there is a sequence 

_ 12 12 _ 

such that al'^ipoof' for all z G {1, . . . , m(l)}. Therefore from definition of the 
relation po correlations O [a]"^^, a]"^ , a) follow for all a G A \ {a\'^i, a]"^} , i G 
{1, . . . , m(l)}. In particular, ©(a^^^^, aP, 03), i G {1, . . . , m(l)}. From cyclicity 
of O it follows that the correlations 0(03, a^i, a^), i G {1, . . . , m(l)} hold true. 

Starting from the correlation 0(03, 0^,0^) = 0(03,01,0^), using the pre- 
vious correlations and transitivity of O we inductively get that 0( 
i G {1, . . . , m(l)}. In particular, 0(03, ai, 0^(3^)) = 0(03, ai, 02). From a cyclicity 
of O it follows that 0(ai, 02, 03). 

Therefore an identical map Ma : A ^ A induces an epimorphism of a complete 
cyclic order O onto a complete cyclic order Op^ . From Lemma 11.21 it follows 
that the map Ma is an isomorphism of the cyclic orders O and Op^ therefore 
= 0p^. □ 

Lemma 1.4. Let p be a convenient relation such that all elements of a set A, 
^A> 3 generate a cycle. 
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Suppose that a graph of relation jj, on A is obtained from a graph of p by throwing 
out two pairs {bi,b[) and (&2,&2) (^^e cases when either b[ = 62 or b'2 = &i are 
included). Let jl be a minimal relation of equivalence which contains p. 

Then the relation jj, is convenient, jl has exactly two classes of equivalence Bi 
and B2 such that the elements of each of them generate p-chain and the elements 
bi, b2 E A belong to the different classes of equivalence of fi. 

Proof. The fact that /i is a convenient relation is trivial corollary from definition. 

The relation /i does not contain cycles. In fact, if the elements of some set 
B (1 A generate /i-cycle, then elements of B generate p-cycle. From Corollary 11.41 
and the condition of lemma we get B = A. Then from definition of a cycle it 
follows that there is a E A such that bifia, hence bipa. But bipb'i and b[ 7^ a 
(by condition of lemma bi is not in the relation p with b'^). It contradicts to the 
Condition 2) of definition II. 2[ 

Thus every class of equivalence of the relation /t is a chain, see Corollary 11.31 
and it contains exactly one element which is in the relation p with no element of 
A. 

By condition of lemma the elements of A generate p-cycle. From Definition 11.21 
it follows that there is the unique a' E A such that apa' for every a E A. Then 
apa', if a ^ {61, 62} but bi and 62 are the unique elements of the set A which are 
not in the relation p with any element of A. 

now the statement of lemma elementary follows from what we said before. □ 

1.3. A local connectivity of two dimensional disk in boundary points. 

Definition 1.8. [11, 13] Let E be a subset of a topological space S and x is 
some point of S (x does not necessarily belong to E). A set E is called a locally 
connected in a point x if for every neighborhood U of x there is a neighborhood 
U' U of X such that any two points which belong to U' H E can be joined by a 
connected set which belongs to U H E. 

Lemma 1.5. Let D"^ be a closed two dimensional disk, x G dD'^ and W an open 
neighborhood of point x in a space . 

If for some connected components Wi and W2 of a set W fl {D'^ \ dD'^) the 
following correlation holds true x G Wi fl W2, then Wi = W2. 

Proof. Obviously, we can assume that is a standard two dimensional disk on 
a plane. Let U he a neighborhood of point x in such that D'^ n U = W. It 
is known, see [11,13], that every Jordan domain on the plane is locally connected 
in all points of its boundary. Therefore there exists a neighborhood U' of x such 
that arbitrary two points which belong to U' fl (D^ \ dD'^) can be connected by 
a connected set that is contained in U H (D^ \ dD^). Therefore all points of the 
set U' n {D^ \ dD"^) should belong to the unique connected component of a set 
W r}{D'^\dD'^). □ 
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2. Criterion of a "D-planarity of a tree. 

Let T be a tree, V a set of its vertices, Vter a set of its terminal vertices and 
V* CV a subset of T such that Vter '^V*. We assume that if jjl^* > 3 then there 
is some cyclic order C defined on V*. 

Let 

= {{x,y) eR^\x^ + y^ <l} 
be a closed oriented 2-dimensional disk. 

Definition 2.1. A tree T is called P-planar if there exists an embedding ip : T ^ 
which satisfies (l2|) and if ]^V* > 3 then a cyclic order ^p{C) on 'piV*) coincides 
with a cyclic order which is generated by the orientation of dD"^ = . 

Remark 2.1. A map ip\v' '■ V* ^iV*) is bijective whence a ternary relation 
^{C) on (p{V*) defined by following correlation 

is a relation of cyclic order. 

Remark 2.2. We can define a cyclic order in a natural way on an oriented cir- 
cle : an ordered triple of points Xi, x^, a^s G 5*^ is cyclically ordered if these 
points are passed in that order in the process of moving along a circle in a positive 
direction. 




2 12 1 




Figure 1. On the left a tree is P-planar. 



Theorem 2.1. IfV* contains just two vertices, a tree T is V-planar. 

If W* ^ 3 then a V-planarity of T is equivalent to satisfying the following 
condition: 

• for any edge e there are exactly two paths such that they pass through an 
edge e and connect two adjacent vertices of V* . 



17 



Proof. If ]^V* = 2, then T is homeomorphic to a segment and a set of its terminal 
vertices coincides with V* = Vter, see Lemma [HU It is obvious that there exists 
an embedding : T — > satisfying Definition 12.11 and a tree T is X'-planar. 

Let jjy* > 3 and T is P-planar. It means that there is an embedding : T — > 
which satisfies Definition I2.1[ 

Let e G E{T) be an edge of T connecting vertices wi, W2 & V. We fix a point 
X G (p{e) \ {(p{wi),(p{w2)}. 

A topological space T is one-dimensional compact hence its homeomorphic 
image ^p{T) is one-dimensional [1]. Then x G {M?\lp{T)). It follows from ([2]) 
that X G IntD^, therefore 

X G {R^ \ {^{T) U dD^)) . 

By Lemma [TT] there is a connected component Uj of a set \ {(p(T) UdD'^) such 
that a point x belongs to a boundary of it. 

Corollary 11.11 states that dUj fl f(T) = (p{P{vj,Vj)), where f{vj), v^(fj) are 
adjacent with respect to a cyclic order of ipiV*) induced from dD^, see Remark [2?2l 
According to Definition 12.11 it is the same as vertices Vj and Vj are adjacent under 
a cyclic order C on V*. 

So e G P{vj, Vj) and vertices vj, Vj are adjacent. It means that for any edge of a 
P-planar tree T there is at least one path that satisfies the condition of theorem. 

There exists an open neighborhood W = e \ {^1,^2} of a point ip~^{x) in 
T that is homeomorphic to an interval. Using the compactness of T \W and 
theorem of Shenflies [11, 13] we can find a neighborhood U of x in \ dD^ and a 
homeomorphism h : U ^ \i\tD^ such that h{x) = (0,0), h o (p{T) = ho ip{W) = 
(— 1, 1) X {0}. Let us designate 

U+ = h-\{{x,y)elntD'\y>0}), 
U- = h-\{{x, y) elntD'^\y< 0}) . 

It is clear that U C ip{T) U U . If for some component Uk of \ 
(V9(T) U dD"^) the intersections riUk and U~ HUk are empty, then x ^ Uk and 
e ^ P{yk,v'^) in terms of Lemma [TTTl 

By the construction, the sets f/+ and U~ are connected and they belong to 
\ (v5(T) U dD"^). Thus there are two components Ui and Uj such that U^ G Ui, 
U' G Uj, x G f/i n Uj and e G P{vi, v[) n P(t;j, v'j). 

By Corollaries 11.11 and 11.21 for any edge of T there are no more then two paths 
such that they connect adjacent vertices of V* . 

In order to verify that there are exactly two such paths it is sufficient to prove 
that Ui ^ Uj. 

Suppose that for some component Ui of \ ((/^(T) U dD"^) we get U \ ip(T) = 
U^ U U~ C Ui. An open connected subset Ui of is path-connected [2]. 
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Denote = (0, 1/2), = (0, -1/2) E Int D"^, 70 = {0} x [-1/2, 1/2] C Int D'^, 
a+ = /i'~^(ao ), a~ — h~^{aQ) G [/, 7 = /i~^(7o). 

It is obvious that the points Oq and Oq are attainable from domains h{U'^) \ 70 
and h{U~) \ 70 by a simple continuous curve. Therefore the points a"*" and a~ are 
attainable from the domain Ui\^ and there is a cut 7 of C/i \ 7 between a'^ and 
a- [11,13]. 

Then = 7 U 7 is a simple close curve such that /i fl (/^(T') = {x}, /i \ {x} C Ui 
and ^(//) 5 7o. 

By Jordan's theorem bounds an open disk G [11, 13]. 

The point x does not belong to the compact 7 hence there exists its open 
neighborhood U <ZU such that ^/ fl 7 = 0. Since h maps a neighborhood f/ of a 
point X into an open neighborhood of origin then there exists an £ G (0, 1/2) such 
that a set 

Q^ = {{x,y)eD''\x' + y^ <e^} 
does not intersect the set /i(7). It follows that 

Qo n h{ip{T) U dD'^) = Qo n /i o (^(e) = (-£, e) x {0} , 
Qo n h{ij) = Qo n 7o = {0} X (-£, £) . 

Denote Q = /i~^((5o)- Evidently, a set Q is an open neighborhood of a;. 
Open sets 

{{{x, y) eQo\x< 0}) and {{{x, y) eQo\x> 0}) 

are connected and do not intersect the set /i. Therefore one of them must be 
contained in a disk G, another should belong to an unbounded domain \ G. 

Sets h~^{{—e,0) x {0}) and h''^{{0,e) x {0}) belong to the intersection of these 
domains with the image ip(e) of e. Hence ip(e) n G and ip(e) n \ G 
hold true. 

A segment if{e) is divided by x on two connected arcs that have no common 
points with fi = dG. Thus one of them should belong to G and the other is 
contained in R^ \ G. 

Finally, the following statement is true: either (p{wi) or ip{w2) belongs to G and 
the other point is contained in R^ \ G. 

Let ifiiwi) e G, ^(^2) G R^ \G. 

By the construction, curves dD"^ and /i have no common points since either 
G C Int D'^ or Int D'^ C G. But 7^ (7 n Q) C (/x n t/^) ^ (/^ ^ Int D'^). Therefore 
GCIntD^ 

Let us denote by T a graph with a set of vertices V{T) — V{T) — V and a set 
of edges E{f) = E{T) \{e}^E\ {e}. 

It is easy to show that the graph T has two connected components Ti 3 wi and 
72 9 The images of them do not intersect with the curve /x, therefore a set 
^{Ti) together with the point ip{wi) belongs to G C Int D'^ and ^{T2) C R^ \ G. 
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By relation (p{wi) G G C Int and Condition ((21), the vertex Wi has degree at 
least 2. Therefore it is adjacent to at least one edge of T except e that is an edge 
of Ti. It means that a tree Ti is non degenerated. 

Since degrees of all other vertices of Ti in T are the same as degrees in Ti 
then VteriTi) C Vter(T) U {wi}. As we know titter (^i) > 2 whence there is w G 

Vter{Tl)nVter{T). 

By the construction (p{w) G G C IntD"^. 

On the other hand it follows from ^ and (ED that ip{w) G (p{V*) C 
We have the contradiction with the assumption that U \ ip(T) C Ui for some i. 
So, there are exactly two components Ui ^ Uj of a compliment M.^\{ip{T)UdD^) 
such that the point x G ip{e) \ {ip{wi),ip{w2)} which is contained in the image of 
an edge e of T is a boundary point of. Consequently, by Corollaries 11.11 and 11.21 
there are exactly two paths such that they pass through an arbitrary edge of T 
and connect the adjacent vertices of V*. 

Let jjV^* > 3 and for any e G E(T) of T there are exactly two paths such that 
they pass through this edge and connect adjacent vertices of V*. 
We should prove that the tree T is P-planar. 

At first we consider a relation C that is a full cyclic order on a set V*. It 
generates a convenient relation pc on V*, see Definition 11.51 Let us examine a set 
of the directed paths 

P = {Piv,v')\v'pcv} 

in T. 

By Definitions 11.11 and 11.51 two vertices v, v' E V* are adjacent with respect 
to a cyclic order C iff either vpcv' or v'pcv is true. These correlations can not 
hold true simultaneously, since a pair of vertices v, v' would generate a pc-cycle, 
see Definition 11.31 and this contradicts to Proposition 11.31 and Corollary 11.41 since 
til/* > 3. 

It follows from the discussion above that for every edge e of T there are exactly 
two paths of the set V passing through e. 

Let us consider a binary relation p on the set K which is defined by a correlation 

(9) vpv' ^ P{v,v') eV . 

Evidently, relation p is dual to the relation pc ( V2PcVi)- Therefore 

by Definition 11.21 p is the convenient relation on V*. So, a minimal relation of 
equivalence p on V* containing p coincides with a minimal relation of equivalence 
Pc on V* containing pc- Thus the elements of the set V* generate a p-cycle, see 
Proposition 11.31 and Corollary 11.31 

Let e be an edge of the tree T. We should prove that those two directed paths 
of the set V that contain e pass through e in opposite directions. 
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Let us consider a binary relation He on V* that is defined as follows 

vfiev' ^ P{v, v') eV i e ^ P{v, v') . 

It is easy to see that a diagram of the relation /Xg can be obtained from a diagram 
of p by removing two pairs of vertices of V* corresponding to paths of V which 
pass through e. Let {vi,v[) and (f2,t'2) be such pairs. Therefore the relation pe 
satisfies the conditions of Lemma [L4l 

By this Lemma a minimal relation of equivalence fie containing fi^ has two 
classes of equivalence Bi, B2 and vi & Bi, V2 & B2. 

Let w, w' E V be the ends of e. Let us consider a subgraph T' of the tree T 
such that V{T') = V{T) and E{T') = E{T) \ {e}. It is clear that the vertices w 
and w' belong to different connected components of a graph T' (if there exists a 
path P in T' such that it connects them then these vertices can be connected by 
two different paths P and P' = {e} in the tree T ). We denote these components 
by and T^/. 

Suppose that for vertices v, v' E V there is an directed path P{v,v') passing 
through e. Let it first passes through the vertex w and then though w'. Then 
paths P{v,w) and P{w',v') belong to T', so f G T^, v' G T^'. In case when the 
path P{v, v') first passes through w' and then through w we have v' G and 
V G T^'. 

It is easy to see that every class of equivalence of the relation fie belongs to the 
unique connected component of the set T'. By the construction different classes 
of equivalence have to belong to the different components of T' . 

So, we conclude that either Bi C and B2 C T^i or Bi C T^i and B2 T^,. 
Suppose that first pair of inequalities holds true. 

If the directed paths P(fi, v[) and P{v2, ^2) pass through e in the same direction, 
then P{vi,w) U P{v2,w) C and V2 G T^. By the construction Tu,nV* = Bi 
thus V2 G Bi. But it is a contradiction to Lemma [L4l So, the paths P{vi,v[) and 
P{v2,V2) pass through e in the opposite directions. 

The case Bi C T^;, B2 C is considered similarly. 

Let us construct an embedding of T into oriented disk D^. 

Let be an oriented disk (closed disk with a fixed orientation on the bound- 
ary), / = [0,1] an directed segment and ip : I ^ an embedding such that 
ip^I) C dD'^. The direction of a segment is said to be coordinated with the orien- 
tation of disk if a direction of passing along the simple continuous curve ip{I) from 
the origin ipi^) to the end ^/^(l) coincides with given orientation of the boundary 

Every directed path in T is topologically a closed segment thus for directed 
path P{v,v') with the origin v and the end v' there exists an embedding ^p(v,v') '■ 
P{v,v') such that ^p(vy){P{v,v')) C dD'^ and a direction of P{v,v') is 

coordinated with the orientation of D^. 
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We fix a disjoint union of closed oriented disks \_\p^'pDp and a set of the em- 
beddings 

(10) ^P{v,v') ■■ P{V, V') Dp^^y) , 

such that the directions of paths P{v, v') G V are coordinated with the orientations 
of corresponding disks. 
Let us consider a space 

D = TU \_\Dp. 

p&v 

All maps ^p, P eV are injective therefore a family of sets 

f {x} U "^pi^), ^eT, 

F = < PeV-.xeP 
" 1 {x}, XG U Dp\^piP). 

V Per 

generates a partition f of the space D. 

We consider a factor-space D of D over partition f and a projection map 

pi : D ^ D. 

Let us prove that D is homeomorphic to a disk, the orientations of disks Dp, 
P EV give some orientation on D and a map 

(p = PT\^:T ^ D 

conforms to the conditions of Definition I2.1[ 

At first we investigate some properties of the space D and the projection pr. 

2.1. The mapping pr is closed. 

Recall that a set is called saturated over partition f if it consists of entire elements 
of that partition. 

Topology of space D is a factor-topology (a set A is closed in D iff its full 
preimage pr~^(A) is closed in D). For proof of closure of a projection map pr it is 
sufficient to check that for any closed subset K of the space D minimal saturated 
set K = pr~^(pr(ii')) containing K is also closed. 

From the definition of partition f it follows that 

K = {K nT)U \_\{K nDp) , 
Pev 

(11) k = {K nT)u \_\ {{K nDp)u(^p{K nP)) . 

Pev 

Sets T, P, Dp, P E V are compacts and all maps $p are homeomorphisms onto 
their images. Thus all sets K HT, K n Dp, ^p{K n P), P G V, are compacts. 
The graph T is finite hence jjP < oo and the union on the right of ( ITTll is finite. 
The set i^' is a compact, so it is closed. 

We remark that we incidentally verified that the space D is compact. 
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2.2. The space D is a compactum. 

D is the compact space as a factor-space of compact space D. Compactum D 
is the normal topological space and a factor-space of a normal space over closed 
partition is a normal space, see [4]. Thus is a normal space, in particularly, D 
is Hausdorff space. Therefore D is compactum. 

2.3. Map V? = pr I : T — > is the embedding. 

By definition, F^P^T = {x} for every a; G T, hence if is an injective map. The 
space T is compact and the space D is Hausdorff thus tp is homeomorphism onto 
its image, see [4]. 

2.4. For every P G P a map pr I : Dp — > D is an embedding. 

I Dp 

By definition, for x G Dp we get 

$p($pi(a;)), xG$p(P), 

{x}, xeDp\^p{P). 



(12) Dp n 



The map $p is injective hence $p($p^(a;)) = {x}, x G $p(P). Finally, F^DDp 
{x} for every a; G -Dp and a continuous map pr | is injective. Thus it is a 
homeomorphism of compact Dp onto its image. 



2.5. For every P G a set pr(Dp \ $p(P)) is open in D and has no common 
points with a set pr{D \ {Dp \ $p(P))). 

Let P E v. The set Dp is open-closed in the space D, hence an open set 
Dp\$p(P) in Dp is also open in D. This set is saturated by definition. Therefore 
Dp \ $p(P) = pr~^{pr{Dp \ $p(P))) and a set pr{Dp \ *p(P)) is open in the 
factor-space D. 

It follows from the discussion above that a set D\{Dp\^p{P)) is also saturated 
and it has no common points with Dp\ $p(P). Thus 

pr(L>p \ $p(P)) n MD \ {Dp \ $p(P))) = . 

2.6. Let e G be any edge of the tree T, points wi, W2 be the ends of e and P', 
P" E V he paths in V that pass through e. We designate e° = e \ {wi, W2}, 

D% = Dp,\dDp, C\J Dp \^p{P), 

per 

D%, = Dp. \ dDpn C IJ Dp \ $p(P) , 

pev 

U = (D°,U$p.(e°))U(DO„U$p»(e°))Ue°, 
U = pr(f/). 

[/ is the open neighborhood of a set pr(e°) in the space D, it is homeomorphic to 
open disk and is divided by a set pr(e°) onto two connected components pr(Dp,) 
and pr{Dp„). 
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To prove this we should remark that sets e , Dp, and Dp,, are open in D. By 
definition of partition f for every a; G e° we get = {x, ^p>{x), $p"(a;)} since the 
set U is saturated. 

The set U is open in D. Really, in the first place e° is an open subset of 
T, secondly, $p/(e°) is an open subset of closed subspace $p'(P') of space Dp/, 
therefore, $p/(P') \<l'p'(e°) is a closed subset Dpi. Let us remark that arcs $p/(P') 
and dDp' \ $p/(P') have $p/- images of endpoints of the path P'as common ends, 
thus dDp/ \ $p/(P') n $p/(e°) = and following conditions hold true 

dDp, \ $p/(e°) = {dDp, \ $p/(P')) U ($p'(P')) \ $p'(e°)) = 
= {dDp,\<^p,{P')) U ($P'(P')) \ <fp'(e°)) . 

So, a set dDp, \ $p'(e°) is closed in Dp, and a set D% U $p'(e°) = Dp, \ {dDp, \ 
^P'{€^'^)) is open in Dp,. Similarly, a set Dp,, U $p"(e°) is open in Dp„. Sets T, 
Dp/ and Dp/' are open-closed in space D. Thus the set U is open in D. 
Finally, the set U = pr(f/) is open in D. This set is a result of gluing 

U = {D%, U $P"(e°)) (D°, U $p/(e°)) , 
a = $p// o ^pj : $p/(e°) ^ <l>p//(e°) . 

A map a is a composition of homeomorphisms. Therefore U is homeomorphic 
to open disk and is divided by pr(e°) onto two connected components pr(Dp,) and 
Pt{D%,). 

2.7. For any Pi, . . . , P„ G P a boundary Fr D„ of a set D^ = pr(lj"^]^ Dp.) in the 
space D belongs to pr(lj"^j^ Pi) = pr(T) fl D„. 

It follows from property 12.51 that Frpr(Dp.) C pr($p^(Pj)) = pr(Pj) for any 
i G {1, . . . , n}. Hence 

n n n 

FrD„ C |jFrpr(DpJ C |J pr(P,) = pr (|J P,) . 

i=l i=l i=l 

2.8. Let Pi, . . . , P„ G P, D„ = Ur=i ^p., = pr(D,). Let e be an edge of T 
such that pr(e°) fl D„ 7^ 0, where e° is an edge e without ends. 

A set pr(e°) belongs to Int D„ iff at least one point y G pr(e°) has a neighborhood 
in Dn which is homeomorphic to open disk. Otherwise, a set pr(e°) belongs to 
FrD„. 

If pr(e°) C IntD„ then a set pr(e'') has a neighborhood in Dn which is homeo- 
morphic to open disk and both paths P', P" G V passing through e belong to a 
set {Pi,...,P„}. 

If pr(e°) C Fr D„, then exactly one of them belongs to {Pi, . . . , P„}. 

Suppose that paths P', P" G V pass through the edge e. By the definition 
pr(e'') C D„npr(T) = pr([J"^^ Pj), so at least one of them belongs to {Pi, . . . , P„}. 
We consider two possibilities. 
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We assume that P' = Pk, P" = P^, /c, s G {1, . . . , n}. Then a set 
U = pt{{D% U $P'(e°)) U {D% U $P"(e°)) U e°) C D„ 

is an open neighborhood of pr(e°) that is homeomorphic to an open disk, see I2.6[ 
Let P' e {Pi, ... , Pn}, P" i {Pi, • • • , Pn}. In this case U = U' U U" U e°, 

U' = pi (Dp,) C P)„ but a set U" = pi (Dp,,) has no common points with D„, 

therefore pr(e°) C FrP)„. 

Suppose that for some y G pr(e°) in there exists an neighborhood Wy G Dn 

homeomorphic to open two dimensional disk. By using theorem of Shenflies [11,13] 

we can find a small neighborhood Wy of y in Dn such that it is homeomorphic to 

an open disk and satisfies following conditions: 

• A set Wy in the space -D„ is homeomorphic to a closed disk and is separated 
from compacts pr(T \ e°) and D\U. 

• Wy intersects pr(e°) by a connected segment that is a cut of the disk Wy. 

Then the set pr(e°) divides Wy onto two connected components Wi U W2 = Wy \ 
pr(e°), WinW2 = such that Wi n W2 9 y. 

By the construction Wy C UnDn and W^i, ^ (t/nP'„)\pr(T). Let us remind 
that P' G {Pi, . . . , Pn}, thus pr(P)p/) = D' C P)„. Similarly, P" ^ {Pi, ... , Pn} 
hence pr(P)^„) n Dn = 0, see property EJl Therefore f/ n P)„ = f/' U pr(e°), 
where U' = pi (Dp,), see property 12.61 and U fl Z^^ npr(T) = pr(e°) C c^P*', where 

P' = pr(PpO- 

Thus y G dD' and the set IVj^ is the open neighborhood of y in closed disk D' 
and Wy n \ dD') = WiU W2, y eWiH W2. By LemmaO we can conclude 
that Wi = W2 but it contradicts to the assumption that Wi fl W2 = 0- 

So, if {P',P"} ^ {Pi, . . . ,Pn}, then there is no ?/ G pr(e°) that has an open 
neighborhood in Dn, which is homeomorphic to open disk. 

2.9. Let Pi, . . . ,Pn E V. Let us describe a structure of boundary Ft Dn of Dn = 
Pr(Ur=i^pJ in D. 

Denote by P„ C P a set of all edges of the tree T such that exactly one of two 
paths P', P" G V passing through e E En belongs to {Pi, . . . , P„}. As we know, 
see Condition 12.81 pr(P„) C Ft Dn and if for some edge e G P we get e ^ En, then 
Fr P„ n pr(e) C {v', v"}, where v', v" G V are ends of e. 

Similarly, denote by \4 ^ ^ a set of all vertices of T such that for a vertex f G 
the following condition satisfies: pr(t>) G P„ and all edges that are adjacent to v 
belong to E\En. It is easy to show that the set Vn is discreet and pr(P„)npr(\4) = 
0. 

From the discussion above and Condition 12.71 it follows that 



(13) 



pr(P„,) C Fr {Dn) C (pr(P„) U pr(K)) 
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2.10. Let Pi, . . . , Pn G P. A set = pr(Ur=i DpJ is connected iff then J"^^ Pi 
is a connected subgraph of the tree T. 

Let ljr=i = T' isa connected subgraph of T. Then D„ = pr(7")U|jr=i V^i^pJi 
all sets pr(T'), pr(DpJ, i G {1, . . . ,n} are connected and pr(T') fl pr(DpJ 7^ 0, 
2 G {1, . . . , n}. Hence the set Dn is connected. 

Next, let Ur=i Dp^ =T'U T", T' nT" = and sets T', T" are nonempty and 
closed. Every set Pj, z G {l,...,n} is connected, therefore, either Pj G T' or 
Pj G T". Without loss of generality we can change indexing of the elements of 
{Pi, . . . , P„} in such way that for some s G {1, . . . ,n — l} the following conditions 
are satisfied 



T' = \JP., T"= U P,. 

1=1 i=s+l 



Every set 



s 



D' = T'u[jDp^, D" = T" [j Di 



i=l i=s+l 



is closed, whence sets D' = pr(Z)') i D" = pr(I)") are closed, see Condition ETH By 
the construction D'nD" = 0. Let y G D'nD". A map pr is injective by definition 
on the set pr"^(D \pr(T)) and sets D' and D" do not intersect on pr~^(Z}\pr(T)), 
thus y G pr(T). Hence y G pr(T n D') H pr(T n D") = pr(T') n pr(T"). But as we 
know, see Condition l2.3l the map = pr |^ is bijective, therefore pr(T')npr(T") = 
pr(T' n T") = 0. We get a contradiction, thus D' n D" = 0. 

Hence Dn = D' L\ D" an sets D\ D" are closed and nonempty. Therefore the 
set Dn is not connected. 

Finally let us prove a P-planarity of the tree T. 

Let for some n, 1 < n < jjP directed paths Pi = P(f 1, v[), . . . ,Pn = P{vn, v'n) G 
V are fixed and Dn = Ur=i ^p^^ = pr(-Dn)- 

For every i G {1, . . . ,n} we denote by % an directed arc of dDp. from point 
<l>p.(fj') to $p.(fj) which has no other common points with an arc $p.(Pj). 

Suppose that the objects under consideration comply with following conditions. 

(i) A space Dn is homeomorphic to a close two-dimensional disk. 

(ii) There exists at least one edge e G Ur=i such that its image pr(e) is 
contained in a boundary circle dDn of Dn- 

(iii) A disk Dn is oriented in the following way: for every i G {1, . . . ,n} and 
every edge e & Pi such that pr(e) belongs to dDn an orientation of e 
generated by the direction of Pj = P(f i, v'j) maps by pr onto an orientation 

of Dn. 

(iv) For every i G {1, . . . , n} an arc 7^ = pr(7i) connects a point pr(f^) with a 
point pr(f j) and has no other common points with a set pr(T) and orien- 
tation of this arc is consistent with the orientation of Dn. 
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We should remark that for n = 1 and any path P = Pi G P if we take an 
orientation on Di = pr(Dp) induced from Dp by using pr, then Conditions (i)- 
(iv) always hold true. By the construction, Conditions (iii) and (iv) are true , (i) 
follows from Condition 12.41 (ii) follows from Condition 12.81 

We also remark that it follows from Condition 12.81 that an edge e G ljr=i 
belongs to dDn of Dn iff e G En- Thus Condition (iii) is well-posed. As well all 
boundary points of in the space D possibly except a finite number of isolated 
points from the set pr(\4) belong to dD^. 

Let an edge e G IJiLi satisfies Condition (ii). Then e E En and there is the 
unique path P„+i = P{vn+i, ^^^+i) G P \ {Pi, . . . , Pn} such that it passes through 
the edge e. Let e G Pi, where Pi G {Pi, . . . ,Pn} is the second path among two 
paths from the set V which passes through the edge e. 

Let us consider a disk Dp^^^ and its image D' = pr(i5p^^J. By Condition 12.41 
it is also the closed disk. Let F = _D„ fl D'. It is obvious that T is closed. 

By Condition 12.51 a set pr^Dp^^^ \ $p„+i(Pn+i)) is open in D and does not 
intersect D„. It follows from Condition 12.41 that 

pr(Dp„^, \ $P„+,(P„+i)) = pr(Z^P„,J \ pro$p,^^^(P„+0 = D' \ pr(P„+i) , 
pr($p„^,(P„+i)) = pr(P„+i) C(D'\pr(P„+i)). 

Therefore 

r = FrD„nFrD'Cpr(P„+i). 

Let us apply Condition 12.91 to Dn and D'. By (fT3l) the set F consists of images 
of edges which belong to the path P^+i and possibly from a number of images of 
vertices of a tree T. 

Let us check that the set F is connected. 

If it is not the case it follows from what we said above that there are two 
vertices Wi, W2 G V, Wi ^ W2 of T such that they belong to the path Pn+i and a 
projection of a path P(wi, W2) ^ Pn+i which connects them in T intersects F by 
a set {pr(w;i),pr(w2)}. Then pr(P(wi, ^2)) H = {^1,^2}. 

On the other hand, the set Dn is connected thus T' = IJILi ^ connected 
subgraph of T, see Condition 12.101 From Condition 12.71 it follows that Wi, W2 G 
V(T'), therefore there is a path P'{wi, W2) connecting them in T' . This path has to 
connect Wi with W2 in T. But pr(P'(wi, W2)) C Dn hence P'{wi,W2) 7^ P{wi,W2)- 
So, vertices Wi and W2 of T can be connected in T by two different paths which is 
impossible in the tree T. 

This contradiction proves that F is connected. 

It follows from the connectedness of F and from the inclusion pr(e) C Fnpr(-E„) 
that F C pr{En). Thus 

TCdDnf] dD' , 
where dD' = pr^dDp^^^) is a boundary circle of the disk D'. 
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By the discussion above and from T C pr(P„+i) it is easy to understand that 

r = pt{p{v,v')) 

for some v, v' E V H Pn+i, v ^ v' . 

It is obvious that P{v,v') is homeomorphic to a closed segment. From the 
Conditions 12.31 and 12.41 it foUows that it is embedded into a boundary circles dDn 
and dD' by means of maps 

= pr I : P{v,v') -> Dn , 

I P{v,v') 

^' = pTo^P^^^:P{v,v')^D'. 

Therefore, a set 

is a result of a gluing of closed disks Dn and D' by a segment that is embedded into 
the boundary circles of these disks. Consequently the set -D„+i is homeomorphic 
to a closed disk. 

Let us denote -D„+i = ljr=L^ ^Pi- It is clear that 

n n+1 

Dn+1 = pr(U^^O ^ P'^^^"+i) = P^(U = P'(^"+i) • 

i=l 1=1 

Hence the space -D„+i constructed according to the set {Pi, . . . , P„+i} satisfies 
Condition (i). 

Disks Dn and D' are oriented. The orientation of D' is generated by an orien- 
tation of Dp^^^ by means of the map pr. 

By Condition (iii) applied to Dn and D' we get two orientations on e. One of 
them is induced from an orientation of P; ^ e and is coordinated with orientation of 
Dn- Another is generated by direction of Pn+i and is consistent with an orientation 
of D'. 

As we said above the directed paths P^, P„+i G V containing an edge e have to 
pass through e in the opposite directions. Therefore the orientations induced on V 
from Dn and D' are opposite. Hence the orientations of and D' are coordinated 
and generate an orientation of Dn+i- It complies with the following condition 

• for any simple arc a : J — > dDn H dDn+i an orientation of a is consistent 
with orientation of Dn+i iff an orientation a is coordinated with orientation 

of Dn, 

• for any simple arc [3 : I ^ dD' fl dDn+i an orientation of P is consistent 
with an orientation of Dn+i iff it is coordinated with an orientation a disk 
D'. 

Disks Dn and D' satisfy Conditions (iii) and (iv). So, according to what has 
being said -D„+i also satisfies Conditions (iii) and (iv). 
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Suppose that the set -Dn+i does not satisfy Condition (ii). Then En+i = 0, 
see Condition 12.91 and Remark (iii), and dDn+i fl pr(T) C piiy). Thus a set 
dDn+i n pr(T) is finite. 

The following correlations are implicated from Condition 12.51 

n.+l n+1 

\ pr(T) C pr (U(^P, \ ^pAm) = U P^(^^> \ • 
1=1 1=1 

From Condition l2.4l it follows that for every z G {1, . . . , n+1} a set pT{Dp.\dDp.) C 
Dn+i is homeomorphic to an open disk. Hence 

n+1 



U pr(Dp, \ dDpJ C \ dDn+i . 



9D„+i\pr(r) C 



i=l 

From this correlation it follows, see Condition (iv), that 

"n+1 

U (pr(Dp, \ dDpJ U piidDp^ \ $P,(P.))) 

n+1 n+1 n+1 

= U pr{dDp^ \ $p,(P,)) C U pr(7,) = (J 7^ • 

i=l i=l 1=1 

A set ljr=/ 7« is closed in D hence it is also closed in dDn+i. Therefore, a set 
dDn+i \ ljr=L^7j have to be an open subset of a space dDn+i. But 

n+1 

dDn+1 \ U 7i ^ dDn+1 n pr(T) C pr(\/) 

i=l 

and this set is finite. Consequently, 

n+1 

dDn+1 = U 7i • 

i=l 

From Condition (iv) it easily follows that open arcs 7^ \ {pr(wj), pr(t>j')}, i G 
{1, . . . , n + 1} are pairwise disjoint. Therefore every point of a set c?D„+i npr(T) = 
[J^^j^{pr(t>j), pr(t>^)} is a common boundary point of exactly two arcs of the family 

It follows from the choice of an orientation of arcs 7i, i G {1,...,?t, + 1} that if 
for some s, r G {1, . . . , + 1} either Vs = Vr or = v'^ is true, then s = r. Thus 
for every i G {1, . . . , n + 1} there is the unique jii) G {1, . . . , n + 1}, such that 
Vi = Vj and if r 7^ s then j(r) 7^ . We also remark that by the construction 
n > 1, thus n + 1 > 2 and 7^ i, i G {1, . . . , n + 1}. 

Therefore, on the set {1, . . . , n + 1} there is a transposition a without fix points 
such that Vi = i G {1, . . . ,n + 1}. Let a = Ci ■ ■ ■ be a decomposition of 
a into independent cycles. Let Ci = Then Vi-^ = v[ ....Vi^_^ = v[ , 
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From the definition of the set V we get v'^pcVi, i G {1, . . . ,n + 1}, since Pi = 
P{vi, vl) G V. So, it is true that 

thus vertices of the set Mi = {t>j^, . . . , Vi^} generate a pc-cycle, see Definition [L3l 
From Corollary [HI] it is follows that the set Mi is a class of equivalence of a minimal 
equivalence relation pc which contains the relation pc- By Proposition 11.31 and 
Corollary 11.41 the relation pc has the unique class of equivalence V*. Hence 
Ml = 1/*, a = ci, n + 1 = ^V* = and D^+i = D. 

From what was said above it follows that for n + 1 < jlP the disk Dn+i satisfies 
Condition (ii). Thus, for + 1 < jjP the disk Dn+i satisfies (i)-(iv), but for 
n + 1 = tlP it complies with conditions (i) and (iv). 

Finally, starting from any path P = Pi = P{vi,v[) G V, we can sort out 
elements of a set 

V = {Pi = PK, v[),...,Pm = PK, v'j^)} 
in a finite number of steps so that for every set 

n 

D„ = pr(|jDp,), nG{l,...,iV-l}, 

i=l 

the conditions (i)-(iv) are true and for the set 

N 

= pr(|J^P.) = Pr( U Dp) = pr(D) = D 
i=i Per 

conditions (i) i (iv) are also true. 

Thus D]\r = D is closed oriented two-dimensional disk, = pr | ^ : T — > D is an 
embedding, see Condition 12.31 

For every edge e E E both paths of V passing through this edge belong to a set 
{Pi, . . . , Pat}, thus E]y = and dD = [jf^i 7j with open arcs 7^ \ {pr(wj), pr(f ■)} 
are pairwise disjoint. It is clear that 

N 

ip{T)ndD = \J{pT{v,),pT{v:)}= U {pr(^;),pr(^;')} = l^*. 

i=l P{v,v')eV 

An orientation of D generates some cyclic order O on the set pt{V*) . A map 
(fo = y9| : V* ^ pr(V^*) is bijective, therefore, a map (Pq^ generates on the 
set V* some cyclic order C which is an isomorphic image of a cyclic order O 
{C'{vi,V2,V3) ^ 0(pr(fi),pr(f2),pr(t;3))). 

We induce a convenient relation pc on V*, see Definition 11.51 From Con- 
dition (iv) it follows that for every i G {1,...,A^} we have v[pc'Vi. On the 
other hand, by definition of the set V it follows that v'pcv iff P(f , v') G V. But 



30 



V = {Pi, . . . ,-P/v}, hence if P{v,v') G V, then P{v,v') = Pi = P{vi,v[) for some 
i e {1, . . . , N}. Therefore the following conditions hold true 

v' pcv =^ v'pc'V , v,v' E V* , 

and the relation pc' contains pc- 

With the help of convenient relations pc and pc' we can induce on V* the 
relations of cyclic orders Cp^ and Cp^, , respectively, see Definition 11.61 and Propo- 
sition [131 From Definition II .61 it is easily follows that if pc contains pc then Cp^, 
contains Cp^. In other words, an identical map Idy* is monomorphism of cyclic 
order Cp^ onto Cp^, , see Definition II .71 From Lemma [T73l it follows that Cp^ = C 
and Cp^, = C, hence the map Idy* is monomorphism of the cyclic order C onto 
C. Lemma [1.21 implies that the map Idy* is an isomorphism of cyclic order C 
onto C. 

By the construction a map (pQ^ is an isomorphism of cyclic order O onto C 
thus ipo is an isomorphism of cyclic order C = C onto a cyclic order O which is 
induced onto ^(V*) from an oriented circle dD. 

Finally, the map ip satisfies all conditions of Definition 12.11 and a tree T is 
P-planar. 

□ 
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